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NONEXISTENCE OF TIGHT SPHERICAL DESIGN OF
HARMONIC INDEX 4
TAKAYUKI OKUDA AND WEI-HSUAN YU
Abstract. We give a new upper bound of the cardinality of a
set of equiangular lines in Rn with a fixed angle θ for each (n, θ)
satisfying certain conditions. Our techniques are based on semi-
definite programming methods for spherical codes introduced by
Bachoc–Vallentin [J. Amer. Math. Soc. 2008]. As a corollary to
our bound, we show the nonexistence of spherical tight designs of
harmonic index 4 on Sn−1 with n ≥ 3.
1. Introduction
The purpose of this paper is to give a new upper bound of the car-
dinality of a set of equiangular lines with certain angles (see Theorem
2.1). As a corollary to our bound, we show the nonexistence of tight
designs of harmonic index 4 on Sn−1 with n ≥ 3 (see Theorem 1.1).
Throughout this paper, Sn−1 := {x ∈ Rn | ‖x‖ = 1} denotes the
unit sphere in Rn. By Bannai–Okuda–Tagami [6], a finite subset X
of Sn−1 is called a spherical design of harmonic index t on Sn−1 (or
shortly, a harmonic index t-design on Sn−1) if
∑
x∈X f(x) = 0 for any
harmonic polynomial function f on Rn of degree t.
Our concern in this paper is in tight harmonic index 4-designs. A
harmonic index t-design X is said to be tight if X attains the lower
bound given by [6, Theorem 1.2]. In particular, for t = 4, a harmonic
index 4-design on Sn−1 is tight if its cardinality is (n+1)(n+2)/6. For
the cases where n = 2, we can construct tight harmonic index 4-designs
as two points x and y on S1 with the inner-product 〈x,y〉R2 = ±
√
1/2.
The paper [6, Theorem 4.2] showed that if tight harmonic index 4-
designs on Sn−1 exist, then n must be 2 or 3(2k − 1)2 − 4 for some
integers k ≥ 3. As a main result of this paper, we show that the later
cases do not occur. That is, the following theorem holds:
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Theorem 1.1. For each n ≥ 3, spherical tight design of harmonic
index 4 on Sn−1 does not exist.
A set of lines in Rn is called an equiangular line system if the angle
between each pair of lines is constant. By definition, an equiangular
line system can be considered as a spherical two-distance set with the
inner product set {± cos θ} for some constant θ. Such the constant θ
is called the common angle of the equiangular line system. The recent
development of this topic can be found in [5, 10].
By [6, Proposition 4.2], any tight harmonic index 4-design on Sn−1
can be considered as an equiangular line system with the common
angle arccos
√
3/(n+ 4). The proof of Theorem 1.1 will be reduced to
a new relative upper bound (see Theorem 2.1) for the cardinalities of
equiangular line systems with a fixed common angle. Note that in some
cases, our relative bound is better than the Lemmens–Seidel relative
bound (see Section 2 for more details).
The paper is organized as follows: In Section 2, as a main theorem
of this paper, we give a new relative bound for the cardinalities of
equiangular line systems with a fixed common angle satisfying certain
conditions. Theorem 1.1 is followed as a corollary to our relative bound.
In Section 3, our relative bound is proved based on the method by
Bachoc–Vallentin [1].
2. Main results
In this paper, we denote by M(n) and Mcos θ(n) the maximum num-
ber of equiangular lines in Rn and that with the fixed common angle
θ, respectively. By definition,
M(n) = sup
0≤α<1
Mα(n).
The important problems for equiangular lines are to give upper and
lower estimates M(n) or Mα(n) for fixed α. One can find a summary
of recent progress of this topic in [5, 10].
Let us fix 0 ≤ α < 1. Then for a finite subset X of Sn−1 with
I(X) ⊂ {±α}, we can easily find an equiangular line system with the
common angle arccosα and the cardinality |X|, where
I(X) := {〈x,y〉Rn | x,y ∈ X with x 6= y}
is the set of inner-product values of distinct vectors in X ⊂ Sn−1 ⊂ Rn.
The converse is also true. In particular, we have
Mα(n) = max{|X| | X ⊂ Sn−1 with I(X) ⊂ {±α}},
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and therefore, our problem can be considered as a problem in special
kinds of spherical two-distance sets.
In this paper, we are interested in upper estimates of Mα(n). Ac-
cording to [11], Gerzon gave the upper bound on M(n) as M(n) ≤
n(n+ 1)/2 and therefore, we have
Mα(n) ≤ n(n + 1)
2
for any α.
This upper bound is called the Gerzon absolute bound. Lemmens and
Seidel [11] showed that
Mα(n) ≤ n(1− α
2)
1− nα2 in the cases where 1− nα
2 > 0.
This inequality is sometimes called the Lemmens–Seidel relative bound
as opposed to the Gerzon absolute bound.
As a main theorem of this paper, we give other upper estimates of
Mα(n) as follows:
Theorem 2.1. Let us take n ≥ 3 and α ∈ (0, 1) with
2− 6α− 3
α2
< n < 2 +
6α + 3
α2
.
Then
Mα(n) ≤ 2+(n− 2)
α
max
{
(1− α)3
(n− 2)α2 + 6α− 3 ,
(1 + α)3
−(n− 2)α2 + 6α + 3
}
.
In particular, for an integer l ≥ 2, if
3l2 − 6l + 2 < n < 3l2 + 6l + 2
then
M1/l(n) ≤ 2 + (n− 2)max
{
(l − 1)3
−3l2 + 6l + (n− 2) ,
(l + 1)3
3l2 + 6l − (n− 2)
}
.
Recall that by [6, Proposition 4.2, Theorem 4.2] for n ≥ 3, if there
exists a tight harmonic index 4-design X on Sn−1, then n = 3(2k −
1)2 − 4 for some k ≥ 3 and
M√
3/(n+4)
(n) = (n + 1)(n+ 2)/6.
However, as a corollary to Theorem 2.1, we have the following upper
bound of M√
3/(n+4)
(n) and obtain Theorem 1.1.
Corollary 2.2. Let us put nk := 3(2k−1)2−4 and αk :=
√
3/(nk + 4) =
1/(2k − 1). Then for each integer k ≥ 2,
Mαk(nk) ≤ 2(k − 1)(4k3 − k − 1)(< (nk + 1)(nk + 2)/6).
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It should be remarked that in the setting of Corollary 2.2, the Lemmens–
Seidel relative bound does not work since
1− nkα2k = −2(4k2 − 4k − 1)/(2k − 1)2 < 0
and our bound is better than the Gerzon absolute bound.
The proof of Theorem 2.1 is given in Section 3 based on Bachoc–
Vallentin’s SDP method for spherical codes [1]. The origins of applica-
tions of the linear programming method in coding theory can be traced
back to the work of Delsarte [8]. Applications of semidefinite program-
ming (SDP) method in coding theory and distance geometry gained
momentum after the pioneering work of Schrijver [13] that derived SDP
bounds on codes in the Hamming and Johnson spaces. Schrijver’s ap-
proach was based on the so-called Terwilliger algebra of the association
scheme. The similar idea for spherical codes were formulated by Ba-
choc and Vallentin [1] regarding for kissing number problems. Barg and
Yu [4] modified it to achieve maximum size of spherical two-distance
sets in Rn for most values of n ≤ 93. In our proof, we restricted the
method to obtain upper bounds for equiangular line sets.
We can see in [9, 13] and [1, 2, 3, 12] that the SDP method works well
for studying binary codes and spherical codes, respectively. Especially,
for equiangular lines, Barg and Yu [5] give the best known upper bounds
of M(n) for some n with n ≤ 136 by the SDP method. Our bounds
in Corollary 2.2 are the same as [5] in lower dimensions. However, in
some cases, we need some softwares to complete the SDP method. It
should be emphasized that our theorem offer upper bound of Mαk(nk)
for arbitrary large nk and the proof can be followed by hand calculations
without using any convex optimization software.
3. Proof of our relative bound
To prove Theorem 2.1, we apply Bachoc–Vallentin’s SDP method
for spherical codes in [1] to spherical two-distance sets. The explicit
statement of it was given by Barg–Yu [4].
We use symbols P nl (u) and S
n
l (u, v, t) in the sense of [1]. It should
be noted that the definition of Snl (u, v, t) is different from that of [2]
and [4] (see also [1, Remark 3.4] for such the differences).
In order to state it, we define
W (x) :=
(
1 0
0 0
)
+
(
0 1
1 1
)
(x1 + x2)/3 +
(
0 0
0 1
)
(x3 + x4 + x5 + x6),
Snl (x;α, β) := S
n
l (1, 1, 1) + S
n
l (α, α, 1)x1 + S
n
l (β, β, 1)x2 + S
n
l (α, α, α)x3
+ Snl (α, α, β)x4 + S
n
l (α, β, β)x5 + S
n
l (β, β, β)x6
NONEXISTENCE OF TIGHT SPHERICAL DESIGN OF HARMONIC INDEX 4 5
for each x = (x1, x2, x3, x4, x5, x6) ∈ R6 and α, β ∈ [−1, 1). We remark
thatW (x) is a symmetric matrix of size 2 and Snl (x;α, β) is a symmetric
matrix of infinite size indexed by {(i, j) | i, j = 0, 1, 2, . . . , }.
Fact 3.1 (Bachoc–Vallentin [1] and Barg–Yu [4]). Let us fix α, β ∈
[−1, 1). Then any finite subset X of Sn−1 with I(X) ⊂ {α, β} satisfies
|X| ≤ max{1 + (x1 + x2)/3 | x = (x1, . . . , x6) ∈ Ωnα,β}
where the subset Ωnα,β of R
6 is defined by
Ωnα,β := { x = (x1, . . . , x6) ∈ R6 | x satisfies the following four conditions }.
(1) xi ≥ 0 for each i = 1, . . . , 6.
(2) W (x) is positive semi-definite.
(3) 3 + P nl (α)x1 + P
n
l (β)x2 ≥ 0 for each l = 1, 2, . . . .
(4) Any finite principal minor of Snl (x;α, β) is positive semi-definite
for each l = 0, 1, 2, . . . .
To prove Theorem 2.1, we use the following “linear version” of Fact
3.1:
Corollary 3.2. In the same setting of Fact 3.1,
|X| ≤ max{1 + (x1 + x2)/3 | x = (x1, . . . , x6) ∈ Ω˜nα,β}
where the subset Ω˜nα,β of R
6 is defined by
Ω˜nα,β := { x = (x1, . . . , x6) ∈ R6 | x satisfies the following three conditions }.
(1) xi ≥ 0 for each i = 1, . . . , 6.
(2) detW (x) ≥ 0.
(3) (Snl )i,i(x;α, β) ≥ 0 for each l, i = 0, 1, 2, . . . , where (Snl )i,i(x;α, β)
is the (i, i)-entry of the matrix Snl (x;α, β).
By Corollary 3.2, the proof of Theorem 2.1 can be reduced to show
the following proposition:
Proposition 3.3. Let n ≥ 3 and 0 < α < 1. Then the following holds:
(1)
max{1 + (x1 + x2)/3 | x ∈ Ω˜nα,−α} ≤ 2 + 2 + (n− 2)
(1− α)3
α((n− 2)α2 + 6α− 3)
if (1−α)3(−(n−2)α2+6α+3) ≥ (1+α)3((n−2)α2+6α−3) ≥ 0.
(2)
max{1 + (x1 + x2)/3 | x ∈ Ω˜nα,−α} ≤ 2 + (n− 2)
(1 + α)3
α(−(n− 2)α2 + 6α + 3)
if (1+α)3((n−2)α2+6α−3) ≥ (1−α)3(−(n−2)α2+6α+3) ≥ 0.
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For the proof of Proposition 3.3, we need the next explicit formula
of (Sn3 )1,1 which are obtained by direct computations:
Lemma 3.4. For each −1 < α < 1,
(Sn3 )1,1(1, 1, 1) = 0
(Sn3 )1,1(α, α, 1) =
n(n+ 2)(n+ 4)(n+ 6)
3(n− 1)(n+ 1)(n+ 3)α
2(1− α2)3
(Sn3 )1,1(α, α, α) = −
n(n + 2)(n+ 4)(n+ 6)
(n− 2)(n− 1)(n+ 1)(n+ 3)(α− 1)
3α3((n− 2)α2 − 6α− 3)
(Sn3 )1,1(α, α,−α) = −
n(n + 2)(n+ 4)(n+ 6)
(n− 2)(n− 1)(n+ 1)(n+ 3)α
3(α + 1)3((n− 2)α2 + 6α− 3).
Proof of Proposition 3.3. Fix α with 0 < α < 1 and take any x ∈
Ω˜nα,−α. For simplicity we put X = (x1 + x2)/3, Y = x3 + x5 and
Z = x4 + x6. By computing detW (x), we have
−X(X − 1) + Y + Z ≥ 0.(1)
Furthermore, we have (Sn3 )1,1(x;α,−α) ≥ 0, and hence, by Lemma 3.4,
(n− 2)(1− α
2)3
α
X − (1− α)3(−(n− 2)α2 + 6α+ 3)Y
− (1 + α)3((n− 2)α2 + 6α− 3)Z ≥ 0
Therefore, in the cases where
(1− α)3(−(n− 2)α2 + 6α+ 3) ≥ (1 + α)3((n− 2)α2 + 6α− 3) ≥ 0,
we obtain
(n− 2)(1− α
2)3
α
X − (1 + α)3((n− 2)α2 + 6α− 3)(Y + Z) ≥ 0.
By combining with (1),
(n− 2)(1− α
2)3
α
X − (1 + α)3((n− 2)α2 + 6α− 3)X(X − 1) ≥ 0
Thus we have
2 + (n− 2) (1− α)
3
α((n− 2)α2 + 6α− 3) ≥ X + 1 = 1 + (x1 + x2)/3.
By the similar arguments, in the cases where
(1 + α)3((n− 2)α2 + 6α− 3) ≥ (1− α)3(−(n− 2)α2 + 6α + 3) ≥ 0,
we have
2 + (n− 2) (1 + α)
3
α(−(n− 2)α2 + 6α+ 3) ≥ X + 1 = 1 + (x1 + x2)/3.
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Remark 3.5. Harmonic index 4-designs are defined by using the func-
tional space Harm4(S
n−1). Therefore, it seems to be natural to con-
sider Harm4(S
n−1) in Bachoc–Vallentin’s SDP method. In our proof,
the functional space
Hn−13,4 ⊂
4⊕
m=0
Hn−1m,4 = Harm4(S
n−1)
(see [1] for the notation of Hn−1m,l ) plays an important role to show the
nonexistence of tight designs of harmonic index 4 since (Sn3 )1,1 comes
from Hn−13,4 . We checked that if we consider H
n−1
0,4 ⊕Hn−11,4 ⊕Hn−12,4 ⊕Hn−14,4
instead of Hn−13,4 , our upper bound can not be obtained for small k.
However, we can not find any conceptional reason of the importance of
Hn−13,4 .
Acknowledgements.
The authors would like to give heartfelt thanks to Eiichi Bannai,
Alexander Barg and Makoto Tagami whose suggestions and comments
were of inestimable value for this paper. The authors also would like
to thanks Akihiro Munemasa, Hajime Tanaka and Ferenc Szo¨llo˝si for
their valuable comments.
References
[1] C. Bachoc and F. Vallentin, New upper bounds for kissing numbers from semi-
definite programming, J. Amer. Math. Soc. 21 (2008), 909–924.
[2] C. Bachoc and F. Vallentin, Optimality and uniqueness of the (4, 10, 1/6) spher-
ical code, J. Combin. Theory Ser. A 116 (2009), 195–204.
[3] C. Bachoc and F. Vallentin, Semidefinite programming, multivariate orthogonal
polynomials, and codes in spherical caps, J. Combin. Theory Ser. A 30 (2009),
625–637.
[4] A. Barg andW.-H. Yu, New bounds for spherical two-distance set, Experimental
Mathematics, 22 (2013), 187–194.
[5] A. Barg and W.-H. Yu, New bounds for equiangular lines, Discrete Geometry
and Algebraic Combinatorics, A. Barg and O. Musin, Editors, AMS Series:
Contemporary Mathematics, vol. 625, 2014, pp.111–121.
[6] E. Bannai, T. Okuda, and M. Tagami, Spherical designs of harmonic index t,
J. Approx. Theory, in press.
[7] D. de Caen, Large equiangular sets of lines in Euclidean space, Electron. J.
Combin. 7 (2000), Research Paper 55, 3pp.
[8] P. Delsarte, An algebraic approach to the association schemes of coding theory,
Philips Research Repts Suppl. 10 (1973), 1-97.
8 TAKAYUKI OKUDA AND WEI-HSUAN YU
[9] D. Gijswijt, A. Schrijver and H. Tanaka, New upper bounds for nonbinary codes
based on the Terwilliger algebra and semidefinite programming, J. Combin.
Theory Ser. A 113 (2006), 1719–1731.
[10] G. Greaves, J. H. Koolen, A. Munemasa, and F. Szo¨llo˝si, Equiangular lines in
Euclidean spaces, preprint, available at arXiv:1403:2155.
[11] P. W. H. Lemmens and J. J. Seidel, Equiangular lines, Journal of Algebra 24
(1973), 494–512.
[12] O. R. Musin, Bounds for codes by semidefinite programming, Tr. Mat. Inst.
Steklova 263 (2008), 143–158.
[13] A. Schrijver, New code upper bounds from the Terwilliger algebra and semidef-
inite programming, IEEE Trans. Inform. Theory 51 (2005), 2859–2866.
Department of Mathematics, Graduate School of Science, Hiroshima
University 1-3-1 Kagamiyama, Higashi-Hiroshima, 739-8526 Japan
E-mail address : okudatak@hiroshima-u.ac.jp
Department of Mathematics, Michigan State University, 619 Red
Cedar Road, East Lansing, MI 48824
E-mail address : u690604@gmail.com
